Neutral mode heat transport and fractional quantum Hall shot noise 
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We study nonequilibrium edge state transport in the fractional quantum Hall regime for states with one or 
several counter-propagating neutral modes. We consider a setup in which the neutral modes are heated by a 
hot spot, and where heat transported by the neutral modes causes a temperature difference between the upper 
and lower edges in a Hall bar. This temperature difference is probed by the excess noise it causes for scattering 
across a quantum point contact. We find that the excess noise in the quantum point contact provides evidence for 
counter-propagating neutral modes, and we calculate its dependence on both the temperature difference between 
the edges and on source drain bias. 
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Many of the peculiar properties of quantum Hall (QH) 
systems can be attributed to the existence of quasi-one- 
dimensional electronic states along the perimeter of the sam- 
ple, the so-called edge states In the integer quantum Hall 
regime edge states can be modelled by non-interacting elec- 
trons, and the physics of edge states is capable of describing 
numerous transport experiments if the Landauer transport the- 
ory is generalized to incorporate multiple terminals In the 
fractional QH regime interactions play an essential role, and 
edge states must be described as Luttinger liquids |3;], in some 
cases with excitations propagating both with and against the 
orientation imposed by the magnetic field. For instance, in 
the case of filling fraction v = 2/3 two counter-propagating 
edge modes are predicted 11, 01, which would give rise to 
non-universal Hall and two-terminal conductances. Experi- 
mentally, however, conductances are quantized and a counter- 
propagating charge mode was not observed jst). This prob- 
lem is resolved by taking into account that in the presence 
of random edge scattering the v = 2/3 edge undergoes re- 
construction into a disorder-dominated phase with a single 
downstream-propagating charge mode and a single upstream- 
propagating neutral mode 

Interest in neutral quantum Hall edge modes was revived 
because one or several neutral Majorana edge mode is ex- 
pected to encode the non-abelian statistics of the QH state at 
filling fraction v = 5/2 l7-ll|. Neutral quantum Hall modes 
are notoriously difficult to observe as they do not participate in 
charge transport. Recently, experimental evidence for neutral 
modes was presented by demonstrating that injection of a DC 
current can influence the low frequency noise generated at a 
quantum point contact (QPC) located upstream of the contact 
where the current is injected |12]. Partitioning of a DC cur- 
rent by a QPC and the influence of downstream heat transport 
on a second QPC was studied both experimentally 11311 and 
theoretically 13 Ell- 
in this Letter, we theoretically analyze a setup akin to that 
of Ref. I12II and find that a current injected into a quantum 
Hall mode downstream of a QPC indeed enhances the charge 
noise due to scattering at the QPC. In our model, this happens 
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FIG. I: (color online) Schematic diagram of the considered setup. 
The magnetic field is oriented so that charge transport along the edge 
(solid black lines) occurs with the counterclockwise chirality. There 
is one or several neutral modes (dashed lines) propagating clockwise, 
and the dash-dotted line denotes backscattering at the constriction. 
Hot spots caused by a finite Vi are indicated by red dots. 



because the injected current causes a hot spot in the contact 
and, in the presence of one or several neutral modes propagat- 
ing in the direction opposite to that imposed by the magnetic 
field for charge pulses, heat is conducted from the contact to 
the QPC and gives rise to excess noise in the current scattered 
across the QPC. When the model is generalized to the non- 
abelian V = 5/2 quantum Hall state the enhancement of the 
charge noise, also observed in this state [12], limits the pos- 
sible descriptions of the state to those that support counter- 
propagating neutral modes, namely, the anti-Pfaffian |0, [loll 
and an edge reconstrcted Pfaffian state 111, Till . 

We consider a multi-terminal Hall bar geometry (see Fig[T]), 
and we assume that the bulk is in a quantized Hall state with 
filling fraction v with one or several neutral modes propagat- 
ing in the direction opposite to that of the charge mode. The 
two edges between which scattering takes place are located 
on the upper and lower sides of the Hall bar, and are labeled 
j - \ and j - 2, respectively. While contacts B and E are 
grounded, contacts A and C have tuneable electrochemical 
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potentials, eVi and eVsd, where e here is the electron charge. 
Current and noise are measured at contact D. The two dark 
pads at X = represent top gates, which form a gated con- 
striction that pinches the edge channels together and causes 
backscattering of quasiparticles (QPs) between the edges. 

The source-drain bias at contact C raises the chemical po- 
tential of the emanating charge mode in the bottom edge and 
gives rise to a current v(e^/li)Vsd impinging on the QPC. A 
finite Vi gives rise to an electrical current /i = v{e-/li)Vi 
flowing from contact A to contact B. We note that in the 
experimentally relevant regime where Hall and longitudinal 
conductances are quantized, no electrical current is flowing 
from contact A to contact E, and that the expectation value of 
the neutral mode decays quickly away from contact A. While 
the total electrical power supplied to the system is I\Vi, the 
electrical energy current flowing from contact A to contact B, 
which is dissipated in a hot spot at contact B, is only IiVi/2 
(it\\ . The rest of the electical power is dissipated at a second 
hot spot, located on the upstream side of contact A. Here, high 
energy electrons "fall into" the incoming edge mode and fill it 
up to the electrochemical potential eVi of contact A, dissipat- 
ing energy in the process. The heat generated in this process 
has to be transported away, which may happen through the 
wire connecting to contact A or some other cooling mecha- 
nism. In general, the equilibrium temperature Ta in the re- 
gion of the hot spot will grow monotonically with the current 
/i . Under the specific assumption that the cooling mechanism 
is of electronic origin and follows the Wiedemann-Franz law, 
one would find that the temperature Ta at contact A is given by 

Ta = ^Tq + IiVi/GL, where Tq denotes the temperature of 
the electron bath contact A is connected to, G the conductance 
of contact A to that electron bath, and L the Lorenz number 
In the limit where Ta » Tq, one finds Ta<^ h- 

If the upper edge has at least one counter-propagating neu- 
tral mode, heat transport from contact A to the QPC will be 
possible and the hot spot at contact A will give rise to an in- 
creased temperature T\ of the upper edge at the QPC. De- 
noting the temperature of the lower edge by Ti, the fact that 
T\ > T2 due to injection of a current /] into contact A gives 
rise to enhanced scattering at the QPC and an enhancement of 
current noise. This description is justified because on the scale 
of the inelastic mean free path f^r equilibration between the 
charge mode and neutral mode(s) takes place llSll . If the dis- 
tance between contact A and the QPC is much larger than {^r, 
charge and neutral modes have a common temperature Ti at 
the QPC. In addition, we make the realistic assumption (veri- 
fied for the random 2/3-edge) that £„■ » Lj-, where Lt = Ug-fT 
denotes the thermal length. As the edge correlations describ- 
ing scattering at the QPC decay on the scale Lt, the inequality 
Lt <*; ((T implies that a possible temperature gradient on the 
scale ^o- will not influence current and noise at the QPC, and 
we can consider an effective model in which backscattering at 
the constriction is described by assigning a common temper- 
ature Ti to both charge and neutral modes on the upper edge. 
The relation between the temperatures Ti and Ta depends on 



the thermal Hall conductance Kh of the edge. For a vanish- 
ing Kh = (realized for a random 2/3-edge), heat transport 
along the edge is diffusive, and Tj < Ta- The exact value of 
Ti depends on microscopic details like the distances between 
the QPC to contacts A and E and the amount of scattering 
between diff'erent ed ge m odes. For a Kh < (e.g. for the 
anti-Pfaffian edge IqI llOll one finds Kh - -1/2), heat trans- 
port is ballistic and Ti - Ta- In the following, we present a 
calculation for current and noise at contact Z) as a function of 
both source-drain voltage Vsd and "neutral" voltage Vi for the 
random 2/3-edge. We later generalize our formulas to account 
for general states. 

In the presence of disorder, edge excitations of the v = 
2/3 fractional QH liquid are predicted to reflect the physics 
of a stable zero-temperature disorder-dominated fixed point 
ii, 18]. At the fixed point, each edge consists of a set of de- 
coupled charge {(f>p) and neutral {(pa-) modes that propagate 
in opposite directions. The effect of random elastic scatter- 
ing can be incorporated into the neutral mode by fermion- 
izing it, eliminating the scattering term by a spatially ran- 
dom SU(2) transformation, and rebosonizing. At the fixed 
point, the appropriate real-time Lagrangian density is given 
by = Zj=i,2(^pj + ^crj), where 

dx^pjii-y^^d, - Updx)(f>pj/2v 
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Here, Up (ua-) is the charge (neutral) mode velocity, and we 
use units where h - I - kg- The charge and neutral 
modes are coupled by a spatially random interaction term 
-S^o- - Uin,{x)dx(f)pjdx(f>a-j- The coupling m,„,(x) is uncorre- 
cted on spatial scales large compared to the elastic mean free 
path {(), and we denote its variance by Wi„t- This term decays 
under the renormalization group (RG) flow llSll and vanishes 
in the zero temperature limit, giving rise to the fixed point 
Lagrangian Eq. dTJ. At finite temperature, the RG flow is 
stopped at the thermal length Lt, and the coupling between 
the charge and neutral modes gives rise to an inelastic mean 
free path {'^.^ ~ WimT^ llST . At low temperatures is para- 
metrically larger than the thermal length Lt over which the 
bosonic Green function decays. Hence, the local bosonic ex- 
pectation values needed to evaluate the probability of QP scat- 
tering across the QPC can be evaluated using the fixed point 
Lagrangian Eq. ([T]). 

We now outline the formalism which enables us to compute 
the current and noise. Upon integrating out all fluctuations 
away from the defect site (at x = 0) in the action So = J dtJ^o, 
we arrive at an effective action in terms of the local fields 
qpjit) := (Ppjix = 0, t) and q^j(t) := ((>^j(x = 0, f) El 
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FIG. 2: Nonequilibrium excess noise for the random v = 2/3 edge 
(upper panel) and the random v = 5/2 anti-Pfaffian edge (lower 
panel) as a function of the temperature difference, Ar = T[ - T2, 
between the two edges. The solid, dashed and dotted curves are for 
T2 = 0.001, T2 = 0.002, and T2 = 0.003, respectively. Tunneling 
amplitudes and temperature are in units of the UV cutoff t^' , and the 
noise is in units of the Nyquist noise with T2 = 0.001. Tunneling 
amplitudes have been chosen so that the QPC has a transmission of 
0.9 at r, =72 = 0.001. 
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FIG. 3: Nonequilibrium excess noise for the random v = 2/3 edge 
(upper panel) and the random v = 5/2 anti-Pfaffian edge (lower 
panel) as a function of the source-drain voltage. The bottom edge 
temperature is fixed at T2 = 0.001, and the top edge temperature 
Ti = 0.001 (Solid); Ti = 0.0015 (Dashed); Ti = 0.002 (Dot-dashed); 
and Ti = 0.0025 (Dotted). Tunneling amplitudes and temperature 
are in units of the UV cutoff r^:', and the noise is in units of the 
Nyquist noise with T2 = 0.001. Tunneling amplitudes have been 
chosen so that the QPC has a transmission of 0.9 at Ti = T2 = 0.001. 



To harness the nonequilibrium nature of the problem, the 
above action has been mapped onto the Keldysh time-loop 
contour I20L i2ltl . Upper case letters are used to denote two- 
component fields in Keldysh space, i.e. B = (fe"^', b'^)^ for a 
general bosonic field b. The components are labeled "classi- 
cal" and "quantum", which relate to the fields on the forward 
{+) and backward (-) branches of the Keldysh contour via 
Z?'^'-'' = (b^ ±b^)l V2. dmj{(jj) is the local Keldysh matrix prop- 
agator for mode m € {p,cr) and edge j e 11,2). Each propaga- 
tor has the Keldysh causality structure 12011 . and contains re- 
tarded (/?), advanced (A) and Keldysh (K) Green's functions. 
Here, the retarded Green's functions are given by d'^ ioj) - 
[d^jicoW = -iy/2aj and t/* .(w) = = -i/Z. The 

Keldysh Green's functions can be obtained via the fluctuation- 
dissipation relation, d^^jiai) - coth{a) /2T j){d^^j{cij) - d'^^^-icS)). 
In Eq.©, we have also introduced r(w) - (b{a)), e^{(jj)Y . Its 
classical component, b{(jj), is related to the external source- 
drain voltage through dtb{t) - y/leYsd- Its quantum compo- 
nent is the source field, fi(cj), which is used to generate all the 
cumulants of the current operator defined on the lower edge 
at position a:o > 0, i.e. /(xq, f) = eUpdx(pp2(xo,t)/ y/ln. In 
the above, we have assumed that the period of the AC source- 
drain bias is much longer than the time for ballistic transport 
through the device, thus, effectively allowing one to take the 
limit XQ — > 0^. The limit entails no effect on our results which 
only focus on the steady steady current and the low frequency 
noise. 



For V = 2/3, the most relevant operator which describes 
QP tunneling between the edges is not unique. In particular, 
there are three tunneling terms with the same scaling dimen- 
sion, two of which involve tunneling of e/3 QPs and another 
involving 2e/3 QPs. Since tunneling takes place at x = 0, 
the tunneling Lagrangians can be expressed in terms of the 
local fields. On the Keldysh contour, the action is given by 
= ^' /"^f i^T " where 

L^; = -^icos[(^;vo-C(0-<2(0 + ?"2(0)/2] 

-^2 cos [(^« (0 + ^«i(0 - q;,{t) - ^2(0) /2] (3) 

-6C0s(9^l(f)-<?;2(f)), 

and are the tunneling amplitudes. Here, a € {+,-} labels 
the forward and backward branches of the Keldysh contour. 

The terms linear in r(w) in Eq.(|2]i can be eliminated by 
performing the shift 
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The corresponding shift in the H — basis, relevant for the 
scattering terms in Eq.lO, is ^'^2(0 — > ?p''(0 - e'V^at - 
{e* I V2)(P"/i)(f), where the effective charge e* - ve and 
{P"^i)(t) = /(£/w/27r)[coth(w/2r2) - a]n{aj). 

We now compute the effects of the backscattering us- 
ing standard Keldysh perturbation theory 12111 . After im- 
plementing the above shift the Keldysh partition function to 
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OiC^) can be computed as = Z^[l +<(5f)^)o], where 
^0 = rimi/ ^G»v^Gl^ exp{5fjf), and (■ ■ ■ )o denotes aver- 
aging with respect to the weight exp{5^). The steady-state 
current and the DC component of its noise can then be com- 
puted by taking standard functional derivatives with respect to 
the source field ju(dLi) 1IT9I1 
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In the absence of backscattering the current is simply given 
by Iq - ve^ Vsd/27r. The backscattered current reads 



'if. 



sm I — ; — I + i:i sm(e Vsdt) 
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where F{x, f) - (ttxTc/ smnx{Tc + it)y and t^' is the UV cut- 
off. Likewise, the noise in the absence of backscattering is the 
usual Johnson-Nyquist term, Sq^ - 2ve^T2l^n. The correc- 
tion coming from backscattering is given by 
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dt £Lliicos(f^j + f?cos(.*y,,0 

X F{Tut)F(T2, 0(1 - litTo). (8) 



The excess noise is 
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defined as 5f/(ri, Tj, Vsd) = 
T2,ysd = 0), where5^c + 
For Vsd = 0, the plot of S^^ as a function of AT" - 
T\ - T2 is shown in Fig. |2l The excess noise is plotted as a 
function of the source-drain voltage, eV^d, in Fig. [3] 

The above results can be extended to arbitrary QH states 
by noting that even for non-abelian QH states 12211 the 
only characteristics of a state which enter the calculation of 
the current and noise to lowest order in the backscattering 
strength are the QP charge e* and the local scaling dimen- 
sion g of the most relevant edge creation operator for QPs 
T{x, t), defined via the time decay of the expectation value 
{T\x(),t)T{xo,Q)) ~ r^. The scaling dimension ^ replaces 
the exponent v in the correlation function F{x, f), and us- 
ing the appropriate QP charge we find for the excess noise 
S'^^ cc J dt COS {e*V,dt) F{Tut)F{T2,t){l - Hm), where 
^ is the tunneling amplitude for the backscattering proc ess. 
There is some theoretical ||23 , 24 ] and experimental psi ev- 
idence that the anti-Pfaffian state may be the correct descrip- 
tion for the experimentally realized state at filling fraction 
V = 5/2, and at the random fixed point one finds e* - 1/4 
and g = 1/2. The excess noise for the anti-Pfaffian is shown 
in Figs. |2]and[3] 

The theoretical results shown in Figs. |2] and [3] agree well 
with the experimental ones lfl2ll if one makes the identifica- 
tion Ti - T2 <x h- In Fig. [3] one sees that the slope of the 
excess noise as a function of Vsd decreases with increasing 



T\ . This is in agreement with the experimental result that the 
quasi-particle charge obtained from the slope of excess noise 
as a function of impinging current decreases with increasing 
current I\ . The experimental finding that the current I\ influ- 
ences the noise for filling fraction v = 5/2 is inconsistent with 
the Moore-Read state [Sfl which has no counter-propagating 
neutral mode. The abelian strong-pairing K - % candidate 
state I27II for v = 5/2 is ruled out because it has no neutral 
mode, and the abelian (33I)-state 1E6I1 and the non-abelian 



S U{2)2 X U{1) state 111 IL 12711 are ruled out because they have 
co-propagating neutral modes. For these reasons, the experi- 
ment I12II indicates that the v = 5/2 state may be described by 
either the anti-Pfaflian [loll or an edge reconstructed Pfaf- 
fian state ifTHfiell . 
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